
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



The American 
Mathematical Monthly 

OFFICIAL JOURNAL OF 

THE MATHEMATICAL ASSOCIATION 

OF AMERICA 

Volume XXV June, 1918 Number 6 

ON THE I-CENTERS OF A TRIANGLE. 

By NATHAN ALTSHILLER, University of Oklahoma. 

Introduction. The first two sections below are known. The following two 
sections are a natural extension of the first two. I believe them to be new. The 
sections 5, 6, 7, are consequences of the first four applied to the triangle. The 
rest of the article is an application of the first four sections to the inscribed 
quadrilateral. The results are undoubtedly new. 

Definition. The /-centers of a triangle are the centers of the four circles 
touching the sides of the triangle. 

1. Let ABC (Fig. 1) be a given triangle, I its incenter, Ii its excenter relative 
to the vertex A, i. e., the center of the escribed circle touching the side BC, 
opposite the vertex A, not produced. The lines BI, Bh being the bisectors of 
two adjacent supplementary angles, are perpendicular to each other, hence the 
segment Hi subtends a right angle at the point B. The same is true about the 
point C, for similar reasons. Hence: The incenter of a triangle and its excenter 
relative to a given vertex, are the extremities of a diameter of a circle passing through 
the other two vertices of the triangle. 

2. The center of the circle BICIi (1) is the point common to Hi and the 
perpendicular bisector of BC. Let E, E' be the points where this perpendicular 
bisector meets the circumcircle (0) of ABC, the points E and A being on opposite 
sides of BC. Now the line Hi being the interior bisector of the angle BAC, 
passes through the mid-point E of the arc BEC of the circumcircle (0), hence: 
The center of the circle BICIi is the mid-point E of the arc of the circumcircle of 
ABC which is subtended by the side BC and which does not contain the vertex A. 1 

1 Julius Petersen, Mithodes et theories pour la resolution des problemes de constructions 
gtometriques, p. 7. Paris, Gauthier-Villars, 1901, third edition. Clement V. Durell, A Course 
of Plane Geometry for Advanced Students, Part I, p. 33, London, Macmillan and Co., 1909. 

241 



242 



ON THE I-CENTEKS OF A TRIANGLE. 



3. Let Ii, h (Fig- 1) be the excenters of ABC relative to the vertices B, C. 
The lines BI 2 , Biz being the bisectors of two adjacent supplementary angles, 
are perpendicular to each other, hence the segment hh subtends a right angle 
at the point B. The same is true about the point C, for similar reasons. Hence: 
The two excenters of a triangle relative to two given vertices are the extremities of a 
diameter of a circle passing through the two considered vertices of the triangle. 




Fig. 1. 



4. The center of the circle BI2CI3 (3) is the point of intersection of hh with 
the perpendicular bisector EE' of BC. Now the line hh being the exterior 
bisector of the angle BAG, passes through the mid-point. E' of the arc BE'C of 
the circumcircle (0). Hence: The center of the circle BI2CI3 is the mid-point of 
the arc of the circumcircle of ABC which is subtended by BC and which contains the 
third vertex of the triangle. 

5. Let FF', GG' be the diameters of the circumcircle (0) of ABC perpendicular 
to the sides CA, AB respectively, the points F, B lying on opposite sides of CA, 
and G, C — on opposite sides of AB. The points E, E' , F, F', G, G' are the centers 
of six circles (E), {E'), (F), {F'), (G), (G'), which pass through pairs of vertices 
of the triangle and through pairs of its /-centers I, 7i, h, h. We thus obtain the 
following table (2, 4) : 

Table I. 



(E) 


I,h 


h,h (#') 


(F) 


I, It 


/3,/l (F') 


(G) 


I,h 


U,h ((?') 
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Hence : Each I-center of a triangle lies on three of the six circles which pass through 
the pairs of vertices of the triangle and have for their centers the mid-points of the 
arcs subtended by the respective sides of the triangle on its circumcircle. 

Each of the six circles contains two I-centers, and the two points are the extremities 
of a diameter. 

6. The six circles (5) may be used for the construction of the /-centers of the 
triangle. Therefore : If the mid-points of the six arcs subtended by the sides of a 
triangle on its circumcircle are given, the I-centers of the triangle may be constructed 
by use of the compass alone. 

7. The two circles (E), (E') passing through B, C and having for their re- 
spective centers E, E' (2, 4), are independent of the position which the vertex A 
occupies on the circumcircle (0) of the triangle ABC. Consequently: If a vari- 
able triangle has a fixed base and a fixed circumcircle, Its four I-centers describe two 
circles, each passing through the two fixed vertices and having for their respective 
centers the extremities of the diameter of the circumcircle which is perpendicular to 
the fixed side. 

8. Let Af 2 ,3, Mi]i (Fig. 2) denote the mid-points of the two arcs of the 
circle (C) subtended by the side BC of the quadrilateral ABCD inscribed in {(J), 
the point M\\\ being the mid-point of the arc which contains the points A, D. 
A similar notation will be adopted for the mid-points of the arcs into which (C) 
is divided by each of the other three sides and by each of the two diagonals of 
the quadrilateral. Thus M\ iS , for instance, will denote the mid-point of the 
arc subtended by the diagonal AC and which contains the point B. The figure 
thus involves twelve such mid-points M . 

The four points A, B, C, D taken three at a time, determine four triangles, 
each of which has four /-centers, so that we have in all sixteen /-centers. The 
incenters of the four triangles BCD, CD A, DAB, ABC, will be denoted by P, Q, 
R, S, and the excenters of the triangle BCD relative to the vertices B, C, D, by 
Pi, P%, P^ respectively. Similarly for the excenters of the other three triangles. 
The /-centers P, P 4 , of the triangle BCD are the points of intersection of the 
circle (M 2|3 ) having for its center the point M 2 ,3 and passing through B, C (2) 
with the line DM1,3, while the /-centers P 2 , Pz are the points of intersection of 
the line DM\\\ with the circle (Ml\f) (4). Similarly for the /-centers of the 
other triangles. The circle (M 2 ,s) contains the /-centers P, P iy of the triangle 
BCD, and the /-centers 8, Si of the triangle ABC. Similarly for the other eleven 
(M) circles. Thus we obtain the following table, where the (M) circle and the 
/-centers lying on it are written in the same horizontal line, on the same side of 
the vertical line. 

Table II. 

( (M 2 , 3 ) S, S lt P, P 4 

\ (M lt 4 ) R, R*, Q, Qz 

("(Afi.s) R, Ri,S,Sz 

I (M». 4) P, Pt, Q, Qi 

f {M\ 3 ) Q u Q h S, S 2 

I (Ml J P t , P t , R, R 1 



02j 03j Pi, P3 


(M?;|) / 


Qi, Qi, Ri, Ri 


Ri, R%, Si, 02 


(Ml*) I 


Pa, Pi, Qz, Qi 


Q, Qi, Si, Sz 


(M?, 3 ) I 
(M\ t ) j 


P, Pz, Ri, Rt 
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Hence: The sixteen I-centers of the four triangles obtained by taking the vertices of 
an inscribed quadrilateral three at a time, lie on twelve circles. Each I-center lies 
on three circles. Each circle contains four I-centers. The centers of those twelve 
circles all lie on the circumcircle of the quadrilateral. 

9. The two pairs of /-centers lying on the same (M) circle (8) are the extremi- 
ties of two diameters of this circle (2, 4). Therefore: The four I-centers lying on 
the same circle form a rectangle. 




Fig. 2. 



10. Let H be the point of intersection of the line Mi l2 M SA with the line 
M 2 ,sMi A . The angle M h2 HM 2iS is measured by one half of the sum of the arcs 
Mi, 2 BM 2 , 3 and M ZA DM XA . Now 

- M ll2 BM 2l s = - M h2 B + - BM 2tS = f - AB + \ - BC 
and 

- M SA DM 1A = - M ZA D + - DM 1A = \ - CD + \ - DA. 
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Hence the angle Mi i2 HM 2 ,s has for its measure 

\- (— AB + — BC + — CD + — DA) = £-360° = 90°. 

Therefore: The lines Mi i2 Mz,i, M 2iZ Mi A are perpendicular to each other. 

11. The incenter P of the triangle BCD lies on the same side of B C as the 
vertex D, and is common to the circle (M 2 ,z) (8) and to the bisector DM 2 ,s of 
the angle BDC inscribed in (C). Similarly the incenter S of the triangle ABC 
lies on the same side of B C as A, and is common to {M 2 ^) and AM 2,3. Thus the 
incenters P, S lie on the same side of BC as the segment AD and are the points 
of intersection of the circle (^2,3) with the lines M 2 , Z D, M 2>S A respectively. 

The line ¥2,3^/1,4 is the bisector of the angle AM 2 , 3 D inscribed in (C), and 
therefore also of the angle SM 2 , Z P = angle AM 2tS D. But the angle SM 2 , 3 P 
is a central angle of the circle CM2,3), hence M 2 , 3 M 1,4 is the perpendicular bisector 
of the chord PS. Similarly the line Mi yi M 2 ,z is the perpendicular bisector of 
the chord QR of the circle (M 1,4). Thus the two segments PS and QR have the 
same perpendicular bisector M 2 , 3-Mi, 4 . By an analogous reasoning it may be 
shown that the line M\ t2 Mz ti is the common perpendicular bisector of the two 
segments PQ and RS. The opposite sides of the quadrilateral PQRS are thus 
perpendicular to the two lines Mi, 2 Ms,i, M 2 , s M 1 , i which are themselves per- 
pendicular to each other. Consequently: The four incenters of the four triangles 
determined by the vertices of an inscribed quadrilateral taken three at a time, form a 
rectangle. 1 

12. The four points PSP4S1 lying on the circle (M 2 , s ) (8), form a rectangle 
(9), hence PSi is perpendicular to PS at P. On the other hand PQRS forming a 
rectangle (11), the perpendicular to- PS at P is PQ, hence the three points Q, P, 
Si are collinear. The three points R, S, P 4 are collinear for similar reasons, and 
the two lines QPSi and RSP* are parallel, as opposite sides of the rectangle PQRS. 
Considering the rectangles PQP 2 Qi (8, 9) and PQRS (11), it may be established 
in a similar way that we have the two parallel lines RQP 2 and SPQi. 

RP A RiP 2 and PSPiSi are rectangles inscribed in the circles {M\ ti ) and (M 2t3 ) 
respectively (8, 9), hence the lines P4R1 and P4S1 are the respective perpendiculars 
to the lines RPi and SPi at P4; but the three points R, S, P t are collinear (12), 
hence the lines P4R1, P4S1 coincide, and the three points Pa, Si, Ri are collinear. 
Considering the two rectangles RPiRiP 2 and PQP 2 Qi, it may be shown in a 
similar way that the points P 2 , Qi, Ri are collinear. 

Thus the parallel QPSi through P to the side RP4, of the rectangle RPiRiP 2 
meets the side P4R1 of this rectangle in the point Si, and the parallel SPQt 
through P to the side RP 2 meets the side P 2 R\ in the point Q 1} hence PQiRiSi 
is a rectangle. In an analogous manner- it may be shown that we have the 
rectangles QP 2 S 2 R^, RQ^PzSz, SPiQiRi. Consequently: If of the four triangles 
determined by the vertices of an inscribed quadrilateral taken three at a time, the 
three triangles are taken having a given vertex in common, the three excenters relative 
to this vertex in the three triangles, are three vertices of a rectangle, the fourth vertex 
of which is the incenter of the fourth triangle. 

1 See this Monthly, Vol. XXIV, March, 1917, p. 124. 
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13. The three rectangles PQtRiSt (12), PQP 2 Qi (8, 9), and QP 2 S 2 R 2 (12) 
show that the points R 1} Qi, P 2 , 8 2 are collinear, as well as the points Si, P, Q, R^, 
and the two lines are parallel. Similar considerations may be applied to the 
three rectangles PSPJSi (8, 9), PQRS (11), QRQ 3 R 2 (8, 9), and again to the 
series SPiQJU (12), SRS Z R 4 (8, 9), RS 3 P 3 Q S (12). Thus we obtain the four 
parallel lines RtQ&S,, SiPQRn, PtSRQs, QJUIStf,. Similarly for the four 
parallel lines RiStPiQt, QiPSRi, P 2 QRS S , S 2 R 2 Q Z P Z . Consequently: The 
sixteen I-centers of the four triangles determined by the vertices of an inscribed 
quadrilateral taken three at a time, lie by groups of four on eight straight lines. The 
eight lines consist of two sets of four parallel lines, and the lines of one set are per- 
pendicular to the lines of the other. 



NOTE ON CONTINUOUS FUNCTIONS. 

By CAPTAIN K. P. WILLIAMS. 

1. The class of continuous functions is at the same time one of the simplest 
and most important in analysis. On account of the character of physical phe- 
nomena, quantities whose variation is of a continuous sort are naturally the 
first considered. In the more recently developed topics in analysis other classes 
of functions are considered, and the idea of continuity does not play such a 
fundamental r61e. The considerations that follow are intended primarily for 
those who have just become familiar with the properties of continuous functions 
as developed from a rigorous point of view. As they are of a simple nature they 
may serve as an easy introduction to the study of classes of functions where 
one's starting point is no longer the idea of continuity. 

When we examine the properties of continuous functions we find that they 
fall into two rather broad classifications. There are those properties that have 
to do with the behavior of the function in the immediate vicinity of a point, and 
those that relate to some character with reference to the interval of definition. 
We could call them properties "im kleinen," and properties "im grossen." 
The definition of continuity itself is an example of the first class of properties, 
and the theorem that every continuous function has actual extrema in a closed 
interval, an example of the second. Thus we see how strongly properties of a 
function "im kleinen" effect its behavior "im grossen." Intimately connected 
with any property "im kleinen" is the question of uniformity; that is we inquire 
whether the property in question occurs in a uniform manner throughout the 
interval of definition. And in an analogous manner we can ask whether a 
property "im grossen" is true in every sub-interval. With such ideas before 
us we can examine easily how far various properties of continuous functions are 
uniquely characteristic. 

2. We consider a function f{x) which approaches a definite limit at every 
point, but which is not necessarily continuous at any point in the interval (a, b). 
Denote by f'(x) the limit approached. We first prove the 



